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Abstract
We discuss a closure of commutator algebras for general functionals in
terms of Nambu-Goldstone fermions and their derivative terms under nonlin-
ear supersymmetry (NLSUSY) both in flat spacetime and in curved space-
time. We point out that variations of functionals for vector supermultiplets
(uniquely) determine general LSUSY transformations for linear vector super-
mutiplets with general auxiliary fields in extended SUSY, where the closure
of the commutator algebras for NLSUSY plays a crucial role.
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Supersymmetry (SUSY) is realized linearly and nonlinearly. Linear supersymmetric
(LSUSY) theories in flat spacetime [1, 2] are given from the scalar and vector super-
multiplets and their actions, while the Volkov-Akulov (VA) nonlinear supersymmtric
(NLSUSY) theory [3] is expressed only in terms of Nambu-Goldstone (NG) fermions.
The LSUSY gives plain physical pictures but the meaning of the SUSY breaking
is unclear. On the other hand, the NLSUSY gives less physical pictures but gives
the robust SUSY breaking. The LSUSY and NLSUSY theories are related to each
other and their relations are shown expicitly in N = 1 and N = 2 SUSY models
by means of the linearization of NLSUSY [4]-[8]. In the relation between linear and
nonlinear realizations of SUSY (NL/LSUSY relation) in flat spacetime, component
fields of supermultiplets are expressed as functionals (composites) in terms of the NG
fermions, which reproduce LSUSY transformations in LSUSY multiplets from the
variations of those functionals under NLSUSY transformations for the NG fermions,
and LSUSY actions are related to a NLSUSY one.
On the other hand, a (global) NLSUSY transformations for the NG fermions
with a vierbein field is generalized to curved spacetime and an Einstein-Hilbert-
type NLSUSY invariant action are constructed in NLSUSY general relativity (GR)
[9, 10]. The NLSUSY-GR action containes the VA NLSUSY action in the cosmo-
logical term and its implications for the low energy physics is extracted from the
NLSUSY action for N ≥ 2 SUSY. Therefore, in order to discuss the physical conse-
quences of NLSUSY GR, it is an important and interesting problem to know through
the NL/LSUSY relation the general structure of linear supermultiplets in extended
SUSY which includes general features of auxiliary fields prior to adopting a specific
gauge a la the Wess-Zumino gauge.
Towards understanding the general NL/LSUSY relation forN ≥ 2 SUSY theories
and obtaining a general LSUSY supermultiplet which contributes to the linearized
action of NLSUSY-GR theory, we discuss in this letter commutator algebras for gen-
eral functionals in terms of the NG fermions under the NLSUSY transformations
both in flat spacetime and in curved spacetime. In flat spacetime, we explicitly
show that the commutator algebra for all Lorentz-tensor functionals of NG fermions
and their first- and higher-order derivatives are closed. In curved spacetime, we
also show a closure of the commutator algebra for all Lorentz- and Riemann-tensor
functinals of the NG fermions, the veirbein and their first-order derivatives. Based
on these arguments, we point out that variations of functionals for vector super-
multiplets (uniquely) determine general LSUSY transformations for linear vector
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supermultiplets in extended SUSY containing general auxiliary fields.
Let us briefly review the VA NLSUSY model [3] in extended SUSY. The funda-
mental action in terms of (Majorana) NG fermions ψi ‡ is written as
SNLSUSY = −
1
2κ2
∫
d4x |w|, (1)
where κ is a dimensional constant whose dimension is (mass)−2 and the determinant
|w| is defined as
|w| = det(wab) = det(δ
a
b + t
a
b) (2)
with tab = −iκ
2ψ¯iγa∂bψ
i. The N NLSUSY action (1) is invariant under NLSUSY
transformations of ψi,
δζψ
i =
1
κ
ζ i − iκζ¯jγaψj∂aψ
i, (3)
which are parametrized by means of constant (Majorana) spinor parameters ζ i. The
NLSUSY transformations (3) satisfy a closed commutator algebra,
[δζ1 , δζ2] = δP (Ξ
a), (4)
where δP (Ξ
a) means a translation with the parameters Ξa = 2iζ¯ i1γ
aζ i2.
Here we consider Lorentz-tensor functionals in terms of ψi and its first- and
higher-order derivatives (∂ψi, ∂2ψi, · · ·, ∂nψi),
f IA = f
I
A(ψ
i, ∂ψi, ∂2ψi, · · · , ∂nψi), gJB = g
J
B(ψ
i, ∂ψi, ∂2ψi, · · · , ∂nψi) (5)
where the Lorentz indices A,B mean a, ab, · · · , etc. and the internal indices I, J are
i, ij, · · · , etc. If we assume that they satsify the commutator algebra (4) as
[δζ1 , δζ2]f
I
A = Ξ
a∂af
I
A, [δζ1 , δζ2 ]g
J
B = Ξ
a∂ag
J
B. (6)
then, we can show that the commutator algebra for their products f IAg
J
B are also
closed as
[δζ1 , δζ2](f
I
Ag
J
B) = Ξ
a∂a(f
I
Ag
J
B). (7)
‡The index i, j, · · · runs from 1 to N and Minkowski spacetime indices are denoted by
a, b, · · · = 0, 1, 2, 3. The Minkowski spacetime metric is ηab = diag(+,−,−,−) = 1
2
{γa, γb}. Rie-
mann spacetime indices µ, ν, · · · = 0, 1, 2, 3 are used in arguments for curved spacetime.
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This means that the commutator algebra for all Lorentz-tensor functionals expressed
by means of Eq.(5) are closed same as Eq.(4), since each field of (ψi, ∂ψi, ∂2ψi, · · ·,
∂nψi) satisfies the algebra (4), respectively.
Based on these discussions for the closure of the commutator algebra under the
NLSUSY transformations (3), let us examine the variations of functionals f IA(ψ
i, |w|)
which correspond to those of a N = 2 vector supermultiplet in d = 2 [11, 12]. In
order to realize the commutator algebra (4), the two supertransformations of Eq.(5)
have a general form,
δζ1δζ2f
I
A =
1
2
Ξa∂af
I
A + ζ¯
k
1γ
Bζ l2∂
2hIklAB, (8)
where hIklAB = h
Ikl
AB(ψ
i, |w|) are functionals factorized with respect to ψ¯kγBψ
l. Since
the second terms ζ¯k1γ
Bζ l2 h
Ikl
AB are symmetric for exchanging the indices 1 and 2, they
vanish in the commulator algebra (6), respectively. On the other hand, let us write
the variations of f IA in a simple form as
δζf
I
A = i6∂b
Ik
ACγ
Cζk, (9)
by using functionals bIkAC = b
Ik
AC(ψ
i, |w|). In Eq.(9), when the f IA are fermionic
functionals, the bIkAC are bosonic ones and vice versa. Then, comparing Eq.(8) and
Eq.(9) determines general LSUSY transformations of bIkAC by regarding (f
I
A, h
Ikl
AB,
bIkAC) as fermionic or bosonic components, e.g. as follows;
δζb
Ik
AC = γCf
I
Aζ
k + i6∂hIklABγC
Bζ l. (10)
Therefore, we point out through the above heuristic arguments in extended SUSY
that general LSUSY transformations for linear supermultiplets with general auxiliary
fields are determined by means of the functionals f IA, h
Ikl
AB and b
Ik
AC as a result of the
closure of commutator algebra (4).
As a simple example of the above commutator-based LSUSY transformations of
the composite fields, we can demonstrate the NL/LSUSY relation for the d = 2,
N = 2 vector supermultiplet [11, 12].
The N = 2 LSUSY invariant (free) action with a D term is written as
SN=2 gauge =
∫
d2x
{
−
1
4
(F0ab)
2 +
i
2
λ¯i06∂λ
i
0 +
1
2
(∂aA0)
2 +
1
2
(∂aφ0)
2 +
1
2
D20 −
ξ
κ
D0
}
,
(11)
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where (v0a, λ
i
0, A0, φ0, D0) are components of the N = 2 minimal (Wess-Zumino)
gauge supermultiplet defined by using auxiliary fields (D,Λi, C) and the recombi-
nation of the components of the larger vector supermultiplet as follows;
(v0a, λ
i
0, A0, φ0, D0) = (va, λ
i + i6∂Λi,M ii, φ,D +✷C). (12)
The action (11) is invariant under LSUSY transformations for the most general
components of the N = 2 vector supermultiplet in Eq.(12), which satify the algebra
(4), as follows;
δζλ
i = Dζ i − i6∂M ijζj −
i
2
ǫijγ56∂φζ
j −
1
2
ǫijγa6∂vaζ
j,
δζD = −iζ¯
i6∂λi,
δζM
11 = ζ¯1λ1 + iζ¯26∂Λ2,
δζM
22 = ζ¯2λ2 + iζ¯16∂Λ1,
δζφ = −ǫ
ij(ζ¯ iγ5λ
j + iζ¯ iγ56∂Λ
j),
δζva = −ǫ
ij(iζ¯ iγaλ
j + ζ¯ i6∂γaΛ
j),
δζΛ
i = M ij ζ¯j −M jj ζ¯ i +
1
2
ǫijφγ5ζ
j −
i
2
ǫijvaγ
aζj − i6∂Cζ i,
δζC = ζ¯
iΛi. (13)
where a general auxiliary field M12 appears in δζλ
i and δζΛ
i and its LSUSY trans-
formation is given as
δζM
12 = ζ¯ (1λ2) − iζ¯ (16∂Λ2). (14)
By means of the linearization of N = 2 NLSUSY in d = 2 [11], the LSUSY trans-
formations (13) and (14) are obtained from the following composite expressions of
the basic fields (except for constant shifts),
λi(ψ) = ξψi|w|,
D(ψ) =
ξ
κ
|w|,
M ij(ψ) =
1
2
ξκψ¯iψj|w|,
φ(ψ) = −
1
2
ξκǫijψ¯iγ5ψ
j|w|,
va(ψ) = −
i
2
ξκǫijψ¯iγaψ
j|w|.
5
Λi(ψ) = −
1
2
ξκ2ψiψ¯jψj|w|,
C(ψ) = −
1
8
ξκ3ψ¯iψiψ¯jψj |w|, (15)
under the N = 2 NLSUSY transformations. We have also shown [11] the relation
between the LSUSY action of Eq.(11) and the NLSUSY one of Eq.(1) for N = 2
SUSY in d = 2, namely, the relation SN=2 gauge + [surface term] = ξ
2SN=2 NLSUSY.
As for the above NL/LSUSY relation, we have found [13] that an ansatz λi(ψ) =
ψi|w| in extended SUSY, which is the leading order of supercharges Qi of SUSY,
gives general LSUSY transformations for vector supermultiplets from functionals
corresponding to Eq.(15), which are determined through Eqs.(8), (9) and (10). The
N = 2 LSUSY transformations (13) and (14) are derived from general LSUSY trans-
formations in extended SUSY. Furthermore, the commutator-based linearization
from Eqs.(8), (9) and (10) is practical in order to construct LSUSY supermultiplets
in extended SUSY.
In curved spacetime, an Einstein-Hilbert-type NLSUSY invariant action is con-
structed in NLSUSY GR [9, 10] as follows;
SNLSUSYGR = −
c4
16πG
∫
d4x |w|(Ω + Λ), (16)
In the action (16), |w| = detwaµ and w
a
µ is defined as a unified vierbein w
a
µ =
eaµ + t
a
µ, where e
a
µ is the vierbein in GR and t
a
µ = −iκ
2ψ¯iγa∂µψ
i. The Ω means
a scalar curvature in terms of (waµ, w
µ
a) and Λ is a cosmological constant. In flat
spacetime (eaµ → δ
a
µ), the action (16) reduces to the VA NLSUSY action (1) with
the dimensional constant κ being fixed to κ−2 =
c4Λ
8πG
.
The NLSUSY-GR action (16) is invariant under NLSUSY transformations of ψi
and eaµ
δζψ
i =
1
κ
ζ i − iκζ¯jγµψj∂µψ
i,
δζe
a
µ = 2iκζ¯
iγνψi∂[µe
a
ν], (17)
which induce GL(4,R) transformations of waµ,
δζw
a
µ = ξ
ν∂νw
a
µ + w
a
ν∂µξ
ν , (18)
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with ξµ = −iκζ¯ iγµψi. The NLSUSY transformations (17) satisfy the following
commutator algebra,
[δζ1 , δζ2] = δGL(4,R)(Ξ
µ), (19)
where δGL(4,R)(Ξ
µ) is a GL(4,R) transformation with parameters
Ξµ = 2(iζ¯ i1γ
µζ i2 − ξ
ν
1ξ
ρ
2e
µ
a∂[νe
a
ρ]). (20)
The NLSUSY-GR action (16) posesses large symmetries accomodating SO(N) SP
group, as follows;
[global NLSUSY]⊗ [local GL(4,R)]⊗ [local Lorentz]
⊗[local spinor translation]⊗ [global SO(N)]⊗ [local U(1)N ]⊗ [chiral]. (21)
Similar to the argument in flat spacetime, we discuss below possible functionals of
ψi and eaµ under the commutator algebra (19). For simplicity, let us first consider
Lorentz- and Riemann-tensor functionals of ψi and eaµ without their derivative
terms,
f IAM = f
IA
M(ψ
i, eaµ), g
JB
N = g
JB
N(ψ
i, eaµ), (22)
with Riemann spacetime indices M,N = µ, µν, · · ·, which satisfy the NLSUSY alge-
bra (19), i.e.
[δζ1 , δζ2 ]f
IA
M = Ξ
ρ∂ρf
IA
M +
∑
k
f IAMk(ρ)∂µkΞ
ρ,
[δζ1 , δζ2 ]g
JB
N = Ξ
ρ∂ρg
JB
N +
∑
k
gJBNk(ρ)∂µkΞ
ρ. (23)
In Eq.(23), Riemann spacetime indicesMk(ρ) are defiend asMk(ρ) = µ1µ2 · · · ρ · · ·µn
and the summation
∑
k
means
∑
k
f IAMk(ρ)∂µkΞ
ρ = f IAM1(ρ)∂µ1Ξ
ρ + f IAM2(ρ)∂µ2Ξ
ρ + · · ·
= f IAρµ2···∂µ1Ξ
ρ + f IAµ1ρ···∂µ2Ξ
ρ + · · · . (24)
Then, the commutator algebra for the products f IAMg
JB
N are also closed as
[δζ1 , δζ2 ](f
IA
Mg
JB
N ) = Ξ
ρ∂ρ(f
IA
Mg
JB
N) +
∑
k
f IAMk(ρ)∂µkΞ
ρgJBN + f
IA
M
∑
k
gJBNk(ρ)∂µkΞ
ρ
= δGL(4,R)(f
IA
Mg
JB
N)(Ξ
ρ). (25)
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Since the NLSUSY transformations (17) satisfy the algebra (19), all Lorentz- and
Riemann-tensor functionals expressed by means of (22) satisfy the algebra (19).
Next we consider functionals including derivatives of ψi and eaµ. As for commu-
tator algebras for their derivative terms under the NLSUSY transformations (17),
only for ∂µψ
i and ∂[µe
a
ν] are closed as
[δζ1 , δζ2]∂µψ
i = Ξν∂ν(∂µψ
i) + (∂νψ
i)∂µΞ
ν = δGL(4,R)(∂µψ
i)(Ξν),
[δζ1 , δζ2]∂[µe
a
ν] = Ξ
ρ∂ρ(∂[µe
a
ν]) + (∂[ρe
a
ν])∂µΞ
ρ + (∂[µe
a
ρ])∂νΞ
ρ
= δGL(4,R)(∂[µe
a
ν])(Ξ
ν). (26)
The commutator algebra for the higher-order derivative terms of ψi and eaµ (i.e.
for (∂2ψi, ∂2eaµ, · · ·)) are not closed. Therefore, in curved spacetime the following
Lorentz- and Riemann-tensor functionals expressed only in terms of ψi, eaµ and
their first-order derivatives,
f IAM = f
IA
M(ψ
i, eaµ; ∂µψ
i, ∂[µe
a
ν]) (27)
satisfy the commutator algeba (19) from the same arguments as Eqs.(23) and (25).
Furthermore, in the same way as the commutator-based arguments in flat space-
time, we expect that the two supertransformations for some functionals of ψi and
eaµ determine general (global) LSUSY transformations for linear supermultiplets in
curved spacetime, which are caused by the closure of the commurtator algebra (19).
We summarize our results as follows. In this letter, under the NLSUSY transfor-
mations (3) and (17) we have shown the closure of the commutator algebra for the
Lorentz-tensor functionals (5) in flat spacetime and for the Lorentz- and Riemann-
tensor functionals (27) in curved spacetime. Based on those arguments, we have
pointed out that the commutator-based LSUSY transformations (10) are (uniquely)
determined from the two supertransformations (8) and the variations (9), which lead
to linear supermultiplets with general auxiliary fields. The general LSUSY super-
multiplets as shown in the example of Eqs.(13), (14) and (15) are constructed from
examining the commutator algebra (6) for NLSUSY (and also Eq.(19) for NLSUSY
GR) prior to transforming to gauge supermultiplets. In particular, the commutator-
based linearization from Eqs.(8), (9) and (10) is practical in order to find general
LSUSY supermultiplets in extended SUSY.
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